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1. Introduction
Gauss sums are deﬁned as elements of certain cyclotomic ﬁelds, and they are related to the ideal
class groups by Stickelberger’s theorem [23, §6.2]. Iwasawa [9, Theorem 8] gave a certain equivalent
condition for the Vandiver conjecture by the local properties of Jacobi sums which can be written
as products of Gauss sums. After that, Hachimori and Ichimura [6], and Beliaeva [1] showed that the
order of the group of local units modulo Gauss sums coincided with that of a certain quotient of
the Iwasawa module (Theorem 1.1). Further, Ichimura [7] and Beliaeva [1] showed the inﬁnite version
of Theorem 1.1 (Theorem 1.2). We recall their results precisely. For an integer N  0, let ζN be the
primitive Nth root of unity, and μN the group of all Nth roots of unity. Fix an odd prime number p.
For any abelian group G , let Ĝ denote the character group of G . Put F = Q(μp). We denote by F∞ the
cyclotomic Zp-extension of F , namely F∞ =⋃m0 Fm with Fm = Q(μpm+1 ). Let κ˜ :Gal(F∞/Q) → Z×p
be the cyclotomic character, namely ζ τ = ζ κ˜(τ ) for any τ ∈ Gal(F∞/Q) and any ζ ∈⋃m0 μpm+1 . Put
Δ = Gal(F/Q), Γ = Gal(F∞/F ) and Γm = Gal(Fm/F ). By the canonical isomorphism Gal(F∞/Q) 
Δ × Γ , the character κ˜ is decomposed as follows:
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κ˜ = ω × κ
with characters ω :Δ → Z×p and κ :Γ → Z×p . The Galois group Γ is isomorphic to the multiplicative
group 1 + pZp , and the character κ gives an isomorphism κ :Γ  1 + pZp . We ﬁx a topological
generator γ of Γ such that κ(γ ) = 1 + p. By the correspondence γ → 1 + T , we have an iso-
morphism Zp[[Γ ]]  Zp[[T ]]. Put Λ = Zp[[Γ ]]  Zp[[T ]]. For any character χ of Δ, we denote by
eχ = 1p−1
∑
σ∈Δ χ−1(σ )σ the idempotent. We decompose Galois modules by the actions of Δ. For
any Zp[Δ]-module V , we deﬁne its χ -component by
V χ = {v ∈ V ∣∣ σ v = χ(σ )v for all σ ∈ Δ} (= eχ V ).
We denote the submodule of V by V+ and V− on which the complex conjugation acts trivially and
via −1 respectively. We have V = V+ ⊕ V− and V+ =⊕0 jp−2,even V ω j , V− =⊕0 jp−2,odd V ω j .
Let Am be the p-primary component of the ideal class group of Fm , and let X = lim←− Am be the Iwa-
sawa module, where the inverse limit is taken with respect to the norm maps. Let Um be the group
of local units of Qp(μpm+1) which are congruent to 1 modulo the maximal ideal (1 − ζpm+1). Hachi-
mori and Ichimura [6, Theorem 1.2] showed the following theorem in the case m = 0, and Beliaeva
[1, Proposition 4] showed it for general m 0. We remark that they studied more general cases.
Theorem 1.1. For even integers j, we have
∣∣Xω j/(γ pm − κ(γ pm ))Xω j ∣∣= ∣∣(Um/Gm)ω1− j ∣∣,
where Gm is roughly speaking, the group of the local images of Gauss sums of Fm (for the precise deﬁnition, see
Section 2).
Next, we recall the inﬁnite version. Put U∞ = lim←− Um and G∞ = lim←− Gm . For a distinguished poly-
nomial f (T ) ∈ Λ, we deﬁne the unique distinguished polynomial f ∗(T ) ∈ Λ by
f
(
(1+ p)(1+ T )−1 − 1)= f ∗(T )u(T ),
for some u(T ) ∈ Λ× . Ichimura [7, Theorem A] showed the following inﬁnite version in the case Xω1− j
is pseudo-isomorphic to Λ/( f ) for some f ∈ Λ, and Beliaeva [1, Theorem B] showed it for general
cases.
Theorem 1.2. For even integers j, we have
char
(
Xω
j )= char((U∞/G∞)ω1− j )∗,
where “char( )” is the characteristic polynomial (cf. [23, §15.4]).
Note that we can not deduce Theorem 1.1 from Theorem 1.2 (see [6, §6]), and it is well known
that for odd integers j, there are the similar statements of Theorem 1.1 and Theorem 1.2 which are
formulated by replacing Gauss sums with cyclotomic units (see [6,7]).
In this paper, we will show the existence of certain exact sequences as Galois modules which
imply both Theorems 1.1 and 1.2. Before we state the main theorem, we prepare notations. For any
Zp[[Gal(F∞/Q)]]-module V and any integer n, we denote the Tate twist by V (n). For any integer i,
we denote its p-adic value by vp(i), namely i = i0pvp(i) with p  i0. We decompose Galois modules by
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by
V κ
i
m = {v ∈ V ∣∣ γ pm v = κ i(γ pm )v}.
Obviously, we have V κ
i
0 ⊂ V κ i1 ⊂ · · · ⊂ V κ im ⊂ V κ im+1 ⊂ · · · ⊂ V . Furthermore, we put
X (m)i, j = Xω
j
/
(
γ p
m − κ1−i(γ pm ))Xω j .
Note that if j ≡ j′ (mod p − 1), then we have X (m)i, j = X (m)i, j′ , and X (m)i, j = 0 for any j satisfying j ≡
0,1 (mod p − 1). We remark that these modules X (m)i, j are essentially the étale cohomology groups
(Lemma 4.11).
The main theorem is the following. From this theorem, we know information on the ideal class
groups from the local image of Gauss sums. Furthermore, we get Theorems 1.1 and 1.2 from the exact
sequences of the main theorem.
Theorem 1.3. Let m0  0 be integer and j be an even integer (then the module X (m0)i, j is ﬁnite by Lemma 2.3
and Theorem 2.4).
(1) For any integers i(= 0) and m satisfying m + vp(i) + 1 max{m0 + vp(i) + 1, vp(|X (m0)i, j |)}, we have
the following exact sequence of Zp[Gal(Fm/Q)]-modules:
0→ HomZp
(
X (m0)i, j ,Qp/Zp(1)
)→ Aω1− jκ im0m → (Um/ImUm)ω1− j → (Um/(G(m0)m,i + ImUm))ω1− j → 0,
where Im is the Stickelberger ideal, and G(m0)m,i is a certain subgroup of Gm (see Section 2). (We write the
groups additively, hence “G(m0)m,i + ImUm” means the subgroup of Um generated by G(m0)m,i and ImUm.)
(2) There is an exact sequence of Zp[Gal(Fm0/Q)]-modules:
0→ HomZp
(
X (m0)0, j ,Qp/Zp(1)
)→ Aω1− jm0 → (Um0/Im0Um0 )ω1− j → (Um0/Gm0 )ω1− j → 0.
(3) Assume j ≡ 0 (mod p − 1). There is an exact sequence of Zp[[Gal(F∞/Q)]]-modules:
0→ lim←−
m0
HomZp
(
X (m0)0, j ,Qp/Zp(1)
)→ Xω1− j → Λ/( fω j ) → (U∞/G∞)ω1− j → 0,
where fω j (T ) ∈ Λ is the power series satisfying Lp(s,ω jψ) = fω j (ψ(1 + p)−1(1 + p)s − 1) for all
characters ψ of Γm. (Lp(s,ω jψ) is the Kubota–Leopoldt’s p-adic L-function.)
As a corollary, we will prove the following in Section 3.
Corollary 1.4. Let m0,m, i and j be integers in Theorem 1.3.
(1) |X (m0)i, j | = |(Um/(G(m0)m,i + ImUm))ω
1− j ||Aω
1− jκ im0
m |/|Aω1− jm |.
(2) |X (m0)0, j | = |Xω
j
/(γ p
m0 − κ(γ pm0 ))Xω j | = |(Um0/Gm0 )ω1− j | (= Theorem 1.1).
(3) char(Xω
j
) = char((U∞/G∞)ω1− j )∗ (= Theorem 1.2).
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will give the proofs of Theorem 1.3 and Corollary 1.4 in Section 3. In Section 4, we will study the e´tale
cohomology groups H2
e´t
(Spec(Z[1/p]),Zp(i)) and H2e´t(Spec(Z[μpm+1 ,1/p]),Zp(i)), and the relations
between these groups and some conjectures on cyclotomic ﬁelds. These groups are isomorphic to the
modules X (m)i, j (Lemma 4.11), hence we can describe their orders by using Corollary 1.4. If we assume
that the Quillen–Lichtenbaum conjecture holds, then we have for all i  2, H2
e´t
(Spec(Z[1/p]),Zp(i)) 
K2i−2(Z) ⊗Z Zp and H2e´t(Spec(Z[μpm+1 ,1/p]),Zp(i))ω
j  (K2i−2(Z[μpm+1 ]) ⊗Z Zp)ω j . Putting Corol-
lary 1.4(1), Theorem 2.6 in Section 2 which is a corollary of the Iwasawa main conjecture (a theorem
of Mazur and Wiles), and Lemma 4.11 in Section 4 together, we get the following remark.
Remark 1.5.
(1) Let m0  0, i be integers. Assume that if i is even and i ≡ 0 (mod p − 1), then Lp(1− i,ωiψ) = 0
for all ψ ∈ Γ̂m . There exists a constant C(i) which depends on i, and for any integer m C(i) we
have
∣∣H2e´t(Spec(Z[1/p]),Zp(i))∣∣=
⎧⎨⎩ |(Um/Cm)
ωiκ i0 | if i is even,
|(Um/(G(0)m,i + ImUm))ω
i ||Aωiκ i0m |/|Aωim | if i is odd.
(2) Let m0  0, i and j be integers. Assume that if i ≡ j (mod 2) and i − j ≡ 0 (mod p − 1), then
Lp(1 − i,ωi− jψ) = 0 for all ψ ∈ Γ̂m . There exists a constant C(m0, i, j) which depends on m0, i
and j, and for any integer m C(m0, i, j) we have
∣∣H2e´t(Spec(Z[μpm0+1 ,1/p]),Zp(i))ω j ∣∣=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
|(Um/Cm)ω
i− jκ im0 | if i ≡ j (mod 2),
|(Um/(G(m0)m,i + ImUm))ω
i− j ||Aω
i− jκ im0
m |/|Aωi− jm |
if i = 0 and i ≡ j (mod 2),
|(Um0/Gm0 )ω− j | if i = 0 and j ≡ 0 (mod 2).
The module Cm in the theorem is the group of the local images of cyclotomic units. We remark
that if the Vandiver conjecture (Conjecture 4.1) holds, then the group H2
e´t
(Spec(Z[1/p]),Zp(i)) is
zero in the case i is odd, and the group H2
e´t
(Spec(Z[μpm0+1 ,1/p]),Zp(i))ω
j
is zero in the case i ≡
j (mod 2).
The deﬁnition of the module G(m0)m,i which appears in the exact sequence (1) of Theorem 1.3 is a
little complicated. Nguyen Quang Do told me in his letter that there is another exact sequence in
which G(m0)m,i does not appear. I will state it with his proof in Appendix A.
2. Notations and preliminaries
We deﬁne the groups of cyclotomic units and Gauss sums. Let Em be the group of units of Fm ,
E(1)m be the subgroup of Em deﬁned by E
(1)
m = {ε ∈ Em | ε ≡ 1 (mod 1− ζpm+1)}.
Deﬁnition 2.1. We deﬁne the group of cyclotomic units Cm ⊂ F×m by
Cm =
〈{±ζpm+1 ,1− ζ apm+1 ∣∣ 1 a pm+1 − 1}〉∩ Em
where 〈{∗}〉 denotes the multiplicative group generated by {∗}.
Let Cm denote the closure of the image of Cm ∩ E(1)m in Um . Next, we deﬁne the group of
Gauss sums. For any abelian group G , we denote by Ĝ the p-adic completion, namely Ĝ =
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nG . For a prime ideal λ of Fm which is coprime to p, we deﬁne the Gauss sum τλ
by τλ = ∑a∈(OFm /λ)× χλ(a)ζ Tra ∈ Fm(μ)× , where l is the prime number under λ, the character
χλ : (OFm/λ)× → μpm+1 is given by χλ(a) ≡ a−(Nλ−1)/pm+1 (mod λ) (Nλ is the absolute norm of λ),
and Tr :OFm/λ → Z/Z is the trace map. By the isomorphism Gal(Fm/Q)  (Z/pm+1Z)× , we write
σa ∈ Gal(Fm/Q) which corresponds to a ∈ (Z/pm+1Z)× . Put v = |(OFm/(1− ζpm+1))×| = p − 1.
Deﬁnition 2.2. We deﬁne the group of Gauss sums Gm ⊂ F×m by
Gm =
〈{
τ
(σa−a)v
λ , ζpm+1
∣∣ λ are prime ideals of Fm which are coprime to p
and a ∈ Z such that (a, p) = 1}〉−.
We can easily show that the group Gm is a Z[Gal(Fm/Q)]-module. Let Gm denote the closure of
Gm in Um , then we have
Gω jm =
⎧⎪⎨⎪⎩
〈{τ veω jλ | λ are prime ideals of Fm which are coprime to p}〉Zp
if j is odd such that j ≡ 1 (mod p − 1),
Uωm if j ≡ 1 (mod p − 1).
Let
θm = 1
pm+1
pm+1∑
a=0
(a,p)=1
aσ−1a ∈ Qp
[
Gal(Fm/Q)
]
and
Im = Zp
[
Gal(Fm/Q)
]∩ θmZp[Gal(Fm/Q)]
be the Stickelberger element and the Stickelberger ideal respectively. Put
g(m)i = γ p
m − κ i(γ pm )= (1+ T )pm − (1+ p)ipm ∈ Λ
for an integer i, and ωm = g(m)0 . For any integers m0,m such that m0  m and i, we deﬁne the
Z[Gal(Fm/Q)]-submodule G(m0)m,i of Gm by
G(m0)m,i = Gm ∩ ker
((
F×m
)̂
/I−m
(
F×m
)̂ g(m0)i (
F×m
)̂
/I−m
(
F×m
)̂ )
,
where the map
g
(m0)
i−−−−→ is given by multiplying by g(m0)i . Let G(m0)m,i denote the closure of G(m0)m,i in Um .
Next, we consider the ﬁniteness of the modules X (m)i, j .
Lemma 2.3. Let i and j be integers.
(1) Let j(≡ 1 (mod p − 1)) be odd. The module X (m)i, j for i  0 is ﬁnite, and the module X (m)i, j for i  −1 is
ﬁnite if and only if Lp(1− i,ω1− jψ) = 0 for all ψ ∈ Γ̂m.
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if Lp(i,ω jψ) = 0 for all ψ ∈ Γ̂m.
Proof. We can easily show this lemma by ordinary Iwasawa theoretical methods. 
The ﬁniteness of the module X (m)i, j for i  2 and any j (including even j) follows from Lemma
4.11, the surjection of the p-adic Chern character (Section 4) and the ﬁniteness of the even-numbered
K -groups. But the non-vanishing Lp(i,ω jψ) = 0 does not follow from this, and the non-vanishing is
conjectured (Conjecture 4.7).
Theorem 2.4. (See Soulé [22, Theorem 2].) The modules X (m)i, j for i  2 are ﬁnite.
Next, we recall the orders of the modules X (m)i, j for special cases. For i = 1, the module X (m)1, j is the
ideal class group,
X (m)1, j = Xω
j
/
(
γ p
m − 1)Xω j  Aω jm .
There are well-known p-adic class number formulas. These formulas are consequences of the Iwasawa
main conjecture [14].
Theorem 2.5. (See Mazur and Wiles [14].)
∣∣X (m)1, j ∣∣= ∣∣Aω jm ∣∣∼p
{
|((Em/Cm) ⊗Z Zp)ω j | if j is even,
|(Zp[Gal(Fm/Q)]/Im)ω j | if j is odd.
In general, the order of X (m)i, j for odd j is given by that of the group of local units modulo cyclo-
tomic units.
Theorem 2.6. (See Mazur and Wiles [14], Iwasawa [8].) Let m0  0, i be integers and j be an odd inte-
ger. Suppose the module X (m0)i, j is ﬁnite. For any integer m satisfying m + vp(i) + 1  max{m0 + vp(i) +
1, vp(|X (m0)i, j |)}, we have
∣∣X (m0)i, j ∣∣= ∣∣(Um/Cm)ω1− jκ im0 ∣∣.
Proof. This statement is known as a consequence of the Iwasawa main conjecture, but we give a
proof for the convenience of readers. If j ≡ 1 (mod p − 1), then both X (m0)i, j and (Um/Cm)ω
1− jκ im0 are
trivial. Hence we assume j ≡ 1 (mod p − 1). Consider the exact sequence
0→ Xω j →
⊕
k
Λ/(hk) → W j → 0,
where hk are ﬁnitely many elements of Λ and W j is a ﬁnite Λ-module. Since the module X (m0)i, j is
ﬁnite, we know that the map
⊕
k Λ/(hk) →
⊕
k Λ/(hk) given by multiplying by g
(m0)
1−i is injective.
Hence we get the following exact sequence of Λ-modules:
0→ Wκ
1−i
m0
j → X (m0)i, j →
⊕
Λ/
(
hk, g
(m0)
1−i
)→ W j/g(m0)1−i W j → 0.
k
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1−i
m0
j | = |W j/g(m0)1−i W j |, we have
∣∣X (m0)i, j ∣∣= ∣∣∣∣⊕
k
Λ/
(
hk, g
(m0)
1−i
)∣∣∣∣∼p ∏
ψ∈Γ̂m0
Lp
(
1− i,ω1− jψ). (2.1)
On the other hand, by the structure theorem of local units modulo cyclotomic units proved by
Iwasawa [8], we know (Um/Cm)ω1− j  Λ/( fω1− j (T˙ ),ωm(T )) with T˙ = (1 + p)(1 + T )−1 − 1 and
ωm(T ) = (1+ T )pm − 1. Note that the module (Um/Cm)ω1− j is ﬁnite since Leopoldt’s conjecture holds
for F+m . We have
∣∣(Um/Cm)ω1− jκ im0 ∣∣ = ∣∣(Um/Cm)ω1− j/g(m0)i (Um/Cm)ω1− j ∣∣
= ∣∣Λ/( fω1− j (T˙ ),ωm, g(m0)i )∣∣
=
m0∏
m′=0
∣∣Λ/( fω1− j (T˙ ),ωm,g(m′)i )∣∣
∼p
∏
ψ∈Γ̂m0
Lp
(
1− i,ω1− jψ),
where g(m
′)
i := g(m
′)
i /g
(m′−1)
i . The last equality above follows from the assumption m m0 and m +
vp(i) + 1 vp(|X (m0)i, j |)(= vp(
∏
ψ∈Γ̂m0 Lp(1− i,ω
1− jψ))). By (2.1), we get the conclusion. 
At the end of this section, we will show the following lemma which says that if i is divisible by
pn for large integer n, then the module X (m)i, j is the same as the module X
(m)
0, j . Let Y j be a ﬁnite
Λ-module given by an exact sequence
0→
⊕
k
Λ/(hk) → Xω j → Y j → 0 (2.2)
where hk are ﬁnitely many elements of Λ.
Lemma 2.7. Let i and j be integers. Suppose the module X (m)i, j is ﬁnite. If
v p(i)
⎧⎨⎩max{vp(|X
(m)
0, j |), vp(|Y j |) + vp(
∏
ψ∈Γ̂m Lp(1,ω
1− jψ))} if j is odd,
max{vp(|X (m)0, j |), vp(|Y j |) + vp(
∏
ψ∈Γ̂m Lp(0,ω
jψ))} if j is even,
then we have X (m)i, j = X (m)0, j .
Proof. If j ≡ 0,1 (mod p−1), then we have X (m)i, j = X (m)0, j = 0. Hence we assume j ≡ 0,1 (mod p−1).
Put n = vp(i). We will ﬁrst show that |X (m)i, j | pn . By (2.2), we have
∣∣X (m)i, j ∣∣ ∣∣∣∣⊕
k
Λ/
(
hk, g
(m)
1−i
)∣∣∣∣|Y j |. (2.3)
Further we have
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:
=
m∏
m′=0
∣∣Λ/(hk,g(m′)1−i )∣∣
∼
∏
ψ∈Γ̂m
hk
(
ζψ(1+ p)1−i − 1
)
,
where g(m
′)
1−i := g(m
′)
1−i /g
(m′−1)
1−i and ζψ = ψ(1+ p)−1 ∈ μpm .
In the case j is odd, we have
∏
ψ∈Γ̂m
∏
k hk(ζψ (1 + p)1−i − 1) =
∏
ψ∈Γ̂m fω1− j (ζψ (1 + p)1−i −
1) ≡ ∏ψ∈Γ̂m fω1− j (ζψ (1 + p) − 1) ≡ ∏ψ∈Γ̂m Lp(1,ω1− jψ) (mod pn+1). By the assumption n 
vp(
∏
ψ∈Γ̂m Lp(1,ω
1− jψ)), we get
∏
ψ∈Γ̂m
∏
k hk(ζψ (1+ p)1−i − 1) ∼p
∏
ψ∈Γ̂m Lp(1,ω
1− jψ). Hence by
(2.3) and the assumption on i, we have |X (m)i, j | pn .
In the case j is even, we have
∏
ψ∈Γ̂m
∏
k hk(ζψ (1 + p)1−i − 1) |
∏
ψ∈Γ̂m fω j (ζ
−1
ψ (1 + p)i − 1)
and
∏
ψ∈Γ̂m fω j (ζ
−1
ψ (1 + p)i − 1) ≡
∏
ψ∈Γ̂m fω j (ζ
−1
ψ − 1) ≡
∏
ψ∈Γ̂m Lp(0,ω
jψ−1) (mod pn+1). By the
assumption n  vp(
∏
ψ∈Γ̂m Lp(0,ω
jψ)), we get
∏
ψ∈Γ̂m fω j (ζ
−1
ψ (1 + p)i − 1) ∼p
∏
ψ∈Γ̂m Lp(0,ω
jψ),
hence
∏
ψ∈Γ̂m
∏
k hk(ζψ (1+ p)1−i −1) |
∏
ψ∈Γ̂m Lp(0,ω
jψ). By (2.3) and the assumption on i, we have
|X (m)i, j | pn .
Next we will show the assertion X (m)i, j = X (m)0, j . By the non-canonical isomorphisms
HomZp (X
ω j ,Qp/Zp(1))Γ
pm  X (m)0, j and HomZp (Xω
j
,Qp/Zp(1))κ
i
m  X (m)i, j , it is enough to show
the equality HomZp (X
ω j ,Qp/Zp(1))Γ
pm = HomZp (Xω j ,Qp/Zp(1))κ im . By the assumption on i and
|X (m)i, j | pn , we know |HomZp (Xω
j
,Qp/Zp(1))Γ
pm | = |X (m)0, j | pn and |HomZp (Xω
j
,Qp/Zp(1))κ
i
m | =
|X (m)i, j | pn . Hence for any f ∈ HomZp (Xω
j
,Qp/Zp(1))Γ
pm
we have f γ
pm = f = f (1+p)ipm = f κ i(γ pm ) ,
and for any f ∈ HomZp (Xω j ,Qp/Zp(1))κ im we have f γ p
m = f κ i(γ pm ) = f (1+p)ipm = f because of
(1+ p)i ≡ 1 (mod pn+1). We get the conclusion. 
3. The proofs of Theorem 1.3 and Corollary 1.4
In this section, we give the proofs of Theorem 1.3 and Corollary 1.4 in Section 1.
Proof of Theorem 1.3(1). If j ≡ 0 (mod p − 1), then all the modules in the exact sequence are trivial
(since Iωm = Zp[Gal(Fm/F )]). Hence we assume j ≡ 0 (mod p − 1). Let Jm be the idèle group of Fm .
For every prime v of Fm , we denote by Uv the group of local units of the local ﬁeld Fm,v (if v is
inﬁnite prime, then Uv is the multiplicative group F×m,v ). Let
Ym =
(
Jm/F
×
m
∏
vp
Uv
)
⊗Z Zp
and
Zm =
(
F×m
∏
v
Uv/F
×
m
∏
vp
Uv
)
⊗Z Zp .
By class ﬁeld theory, we have the exact sequence
0→ Zm → Ym → Am → 0.
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Y
ω1− jκ im0
m A
ω1− jκ im0
m
0 Zω
1− j
m
g
(m0)
i
Yω
1− j
m
g
(m0)
i
Aω
1− j
m
g
(m0)
i
0
0 Zω
1− j
m Y
ω1− j
m A
ω1− j
m 0
Zω
1− j
m /g
(m0)
i Z
ω1− j
m
(3.1)
where g(m0)i = γ p
m0 − κ i(γ pm0 ) = (1+ T )pm0 − (1+ p)ipm0 . By the isomorphism Zm  Um/E(1)m where
E(1)m = { ∈ Em |  ≡ 1 (mod (1− ζpm+1 ))}, we have Zω1− jm  Uω1− jm  Λ/(ωm) because 1− j is an odd
integer satisfying 1− j ≡ 1 (mod p − 1). Since the polynomials g(m0)i and ωm are relatively prime by
the assumption i = 0, we know the map Zω1− jm → Zω1− jm given by multiplying by g(m0)i is injective.
Hence we get the following exact sequence from (3.1):
0→ Yω
1− jκ im0
m → A
ω1− jκ im0
m → Zω1− jm /g(m0)i Zω
1− j
m . (3.2)
Let Im be the group of fractional ideals of Fm and we write Im =⊕ Im, , where the group Im,
is generated by prime ideals dividing the prime number . Note that if a prime number  satis-
ﬁes  ≡ 1 (mod pm+1), then we have (Im,)̂ = lim←−n Im,/pnIm,  Zp[Gal(Fm/Q)] and (Im,)̂
ω1− j 
Zp[Gal(Fm/F )]  Λ/(ωm). Put
T = {λ ∣∣ prime ideals of Fm over a prime number  satisfying  ≡ 1 (mod pm+1)
and the ideal class [λ] is an element of Aω
1− jκ im0
m
}
.
We can write A
ω1− jκ im0
m = 〈{[λ] | λ ∈ T }〉Zp . We denote by ϕ the composition of the last map in (3.2)
and the isomorphism Zω
1− j
m /g
(m0)
i Z
ω1− j
m  Uω1− jm /g(m0)i Uω
1− j
m , that is,
ϕ : A
ω1− jκ im0
m → Zω1− jm /g(m0)i Zω
1− j
m  Uω
1− j
m /g
(m0)
i Uω
1− j
m .
For [λ] ∈ Aω
1− jκ im0
m , we have ϕ([λ]) = α mod g(m0)i Uω
1− j
m where α ∈ (F×m )̂ ω1− j is given by λg
(m0)
i = (α)
in (Im )̂ . Hence we get the following exact sequence from (3.2):
0→ Yω
1− jκ im0
m → A
ω1− jκ im0
m
→ (〈{α ∣∣ α is given by λg(m0)i = (α) for some λ ∈ T }〉
Z
+ g(m0)i Uω
1− j
m
)/
g(m0)i Uω
1− j
m → 0. (3.3)p
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namely,
θ
χ
m = 1pm+1
pm+1∑
a=0
(a,p)=1
aχ−1(a)γ −im(a)m
where γm is the generator of the cyclic group Gal(Fm/F ) satisfying γm ≡ γ (mod Γ pm ), and the
integer im(a) is given by aω(a) ≡ (1+ p)im(a) (mod pm+1). We can easily show that θχm is an element of
Zp[Gal(Fm/F )]  Λ/(ωm) and the χ -part of Stickelberger ideal Im is generated by θχm , that is, Iχm =
(θ
χ
m ) ⊂ Zp[Gal(Fm/F )]. Since Λ/(θω1− jm ,ωm) and Λ/(g(m0)i ,ωm) are ﬁnite, both of the maps Uω
1− j
m →
Uω1− jm given by multiplying by θω
1− j
m and g
(m0)
i are injective. Hence we have the following diagram:
g(m0)i Uω
1− j
m
θω
1− j
m
⊂ 〈{α | α is given by λg(m0)i = (α) for some λ ∈ T }〉Zp + g(m0)i Uω
1− j
m
θω
1− j
m
θω
1− j
m g
(m0)
i Uω
1− j
m ⊂ 〈{αθω
1− j
m | α is given by λg(m0)i = (α) for some λ ∈ T }〉Zp + θω1− jm g(m0)i Uω
1− j
m .
(3.4)
By the equality λg
(m0)
i = (α) and Stickelberger’s theorem (τ eω1− jλ ) = λθ
ω1− j
m eω1− j , we have (αθ
ω1− j
m ) =
(τ
e
ω1− j g
(m0)
i
λ ) in (Im,)̂ ω
1− j
. Since 1 − j is odd and satisﬁes 1 − j ≡ 1 (mod p − 1), we get αθω1− jm =
τ
e
ω1− j g
(m0)
i
λ in (F
×
m )̂
ω1− j . Putting this and the diagram (3.4) together, we have the following isomor-
phism:
(〈{
α
∣∣ α is given by λg(m0)i = (α) for some λ ∈ T }〉
Zp
+ g(m0)i Uω
1− j
m
)
/g(m0)i Uω
1− j
m
 (〈{τ eω1− j g(m0)iλ ∣∣ λ ∈ T }〉Zp + θω1− jm g(m0)i Uω1− jm )/θω1− jm g(m0)i Uω1− jm . (3.5)
Further, we consider the following diagram:
θω
1− j
m g
(m0)
i Uω
1− j
m ⊂ 〈{τ eω1− j g
(m0)
i
λ | λ ∈ T }〉Zp + θω
1− j
m g
(m0)
i Uω
1− j
m
θω
1− j
m Uω
1− j
m
g
(m0)
i
⊂ 〈{τ eω1− jλ | λ ∈ T }〉Zp + θω
1− j
m Uω
1− j
m .
g
(m0)
i
(3.6)
Let us show the following equality in Uω1− jm
〈{
τ
e
ω1− j
λ
∣∣ λ ∈ T }〉
Zp
+ θω1− jm Uω
1− j
m = G(m0)m,i
ω1− j + θω1− jm Uω
1− j
m . (3.7)
For τλ with λ ∈ T , we have (τ eω1− jλ ) = λeω1− j θ
ω1− j
m in (Im,)̂ ω1− j . By [λ] ∈ Aω
1− jκ im0
m , we can write
λeω1− j g
(m0)
i = (α) for some α ∈ (F×m )̂ ω1− j . Hence we get τ
e
ω1− j g
(m0)
i
λ = αθ
ω1− j
m in (F×m )̂ ω
1− j
. We get the
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ω1− j
. Conversely, we have τ
ve
ω1− j g
(m0)
i
λ′ ∈ θω
1− j
m (F
×
m )̂ for
τ
ve
ω1− j
λ′ ∈ G(m0)m,i
ω1− j
. Put v ′ = |ClFm /Am|, where ClFm is the ideal class group of Fm and Am is its p-
primary component. We can write (τ
v ′ve
ω1− j
λ′ ) = λ′v
′ve
ω1− j θ
ω1− j
m = {λ(α)}veω1− j θω
1− j
m = (τλαθω
1− j
m )veω1− j
for some prime ideal λ of Fm over a prime number  satisfying  ≡ 1 (mod pm+1) and [λ] ∈ Aω1− jm ,
and for some α ∈ (F×m )̂ ω1− j . Then we have τ
v ′ve
ω1− j
λ′ ≡ τ
ve
ω1− j
λ (mod θ
ω1− j
m Uω
1− j
m ) and τ
ve
ω1− j g
(m0)
i
λ ∈
θω
1− j
m (F
×
m )̂ . Hence if we show [λ] ∈ A
ω1− jκ im0
m , then we conclude the inclusion relation 〈{τ eω1− jλ | λ ∈
T }〉Zp + θω1− jm Uω1− jm ⊃ G(m0)m,i
ω1− j + θω1− jm Uω1− jm . Since (β)θω
1− j
m = (τ veω1− j g
(m0)
i
λ ) = λveω1− j θ
ω1− j
m g
(m0)
i in
(Im,)̂ ω
1− j  Λ/(ωm) for some β ∈ (F×m )̂ , and ωm and θω1− jm are relatively prime, we have (β) =
λveω1− j g
(m0)
i in (Im,)̂ ω
1− j
. We get [λ]v = [λ]veω1− j ∈ Aω
1− jκ im0
m , and hence [λ] ∈ A
ω1− jκ im0
m .
By (3.5), (3.6) and (3.7), we have the following isomorphism:
(〈{
α
∣∣ α is given by λg(m0)i = (α) for some λ ∈ T }〉
Zp
+ g(m0)i Uω
1− j
m
)
/g(m0)i Uω
1− j
m
 (G(m0)m,i ω1− j + θω1− jm Uω1− jm )/θω1− jm Uω1− jm = ((G(m0)m,i + ImUm)/ImUm)ω1− j . (3.8)
By (3.3), (3.8) and the exact sequence
0→ ((G(m0)m,i + ImUm)/ImUm)ω1− j → (Um/ImUm)ω1− j → (Um/(G(m0)m,i + ImUm))ω1− j → 0,
we get the exact sequence
0→ Yω
1− jκ im0
m → A
ω1− jκ im0
m → (Um/ImUm)ω1− j →
(Um/(G(m0)m,i + ImUm))ω1− j → 0. (3.9)
By the Λ-isomorphism torZp (Ym)  HomZp (X,Qp/Zp(1))Γ p
m
proved by Nguyen Quang Do [17, The-
orem 1.1] (note that the module Ym is isomorphic to the Galois group Gal(Mm/Fm) where Mm is the
maximal abelian pro-p-extension of Fm unramiﬁed outside p), we have
torZp (Ym)
ω1− jκ im0  {HomZp (X,Qp/Zp(1))Γ pm }ω1− jκ im0 .
Since the module Y
ω1− jκ im0
m is ﬁnite by (3.2), we get torZp (Ym)
ω1− jκ im0 = Yω
1− jκ im0
m . Hence we conclude
Y
ω1− jκ im0
m 
{
HomZp
(
X,Qp/Zp(1)
)Γ pm }ω1− jκ im0
= {HomZp (X,Qp/Zp(1))ω1− jκ im0 }Γ pm
= {HomZp (Xω j ,Qp/Zp(1))κ im0 }Γ pm
= HomZp
(
Xω
j
,Qp/Zp(1)
)κ im0
= HomZp
(
X (m0)i, j ,Qp/Zp(1)
)
,
where we used the assumption on m: m+ vp(i)+1 vp(|X (m0)i, j |). Putting this isomorphism and (3.9)
together, we get the conclusion. 
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vp(i)max
{
vp
(∣∣Aω1− jm0 ∣∣), vp(∣∣X (m0)0, j ∣∣), vp(|Y j |)+ vp( ∏
ψ∈Γ̂m0
Lp
(
0,ω jψ
))}
,
where Y j is the module in Section 2 (2.2). By Lemma 2.7, we have X (m0)i, j = X (m0)0, j . Hence the con-
dition of m of (1) can be replaced by m  m0. Put m = m0, then we have Aω
1− jκ im0
m0 = {a ∈ Aω
1− j
m0 |
γ p
m0 a = κ i(γ pm0 )a} = {a ∈ Aω1− jm0 | γ p
m0 a = (1 + p)ipm0 a} = Aω1− jm0 because of vp(i)  vp(|Aω
1− j
m0 |). Fi-
nally, we show (G(m0)m0,i + Im0Um0 )ω
1− j = Gω1− jm0 in Uω
1− j
m0 . For a ∈ F×m0 which is coprime to p, we write
(a) = ∏k λnkk in (Im0 )̂ where λk are prime ideals of Fm0 and nk are integers. By (aθω1− jm0 )eω1− j =∏
k λ
θω
1− j
m0
nkeω1− j
k =
∏
k(τ
nk
λk
)eω1− j , we have aθ
ω1− j
m0
e
ω1− j =∏k τnkeω1− jλk ∈ Gω1− jm0 . Recall v = p − 1. Since
{aveω1− j | a ∈ F×m0 , a is coprime to p} is dense in Uω
1− j
m0 , we get (Im0Um0 )ω
1− j = θω1− jm0 Uω
1− j
m0 ⊂ Gω
1− j
m0 ,
and hence (G(m0)m0,i + Im0Um0 )ω
1− j ⊂ Gω1− jm0 . Next, we show (G(m0)m0,i + Im0Um0 )ω
1− j ⊃ Gω1− jm0 . By the same
arguments as in the proof of Theorem 1.3(1), it is enough to show τ
ve
ω1− j
λ ∈ G(m0)m0,i for prime ideals λ
of Fm0 over a prime number  such that  ≡ 1 (mod pm0+1). Let Pm0 ⊂ Im0 be the group of principal
ideals. Since 1− j is odd and 1− j ≡ 1 (mod p − 1), we can identify (Pm0 )̂ ω1− j with (F×m0 )̂ ω
1− j
. By
the exact sequence:
0→ ((F×m0 )̂ ∩ (Im0,)̂ )ω1− j → (Im0,)̂ ω1− j → ((Im0,)̂ /((F×m0 )̂ ∩ (Im0,)̂ ))ω1− j → 0,
and (Im0,)̂ ω
1− j  Λ/(ωm0 ), we have
∣∣((F×m0 )̂ ∩ (Im0,)̂ )ω1− j/θω1− jm0 ((F×m0 )̂ ∩ (Im0,)̂ )ω1− j ∣∣= ∣∣Λ/(ωm0 , θω1− jm0 )∣∣= ∣∣Aω1− jm0 ∣∣.
On the other hand, we have τ
ve
ω1− j g
(m0)
i
λ ∈ |Aω
1− j
m0 |((F×m0 )̂ ∩ (Im0,)̂ )ω
1− j
because of g(m0)i ≡
γ p
m0 − (1 + p)ipm0 ≡ γ pm0 − 1 (mod pm0+vp(i)+1) and vp(i)  vp(|Aω1− jm0 |). We get τ
ve
ω1− j g
(m0)
i
λ ∈
θω
1− j
m0 ((F
×
m0 )̂ ∩ (Im0,)̂ )ω
1− j
and this completes the proof. 
Proof of Theorem 1.3(3). We can get the exact sequence from (2) by taking the inverse limit. 
Proof of Corollary 1.4. (1) and (2) are immediate corollaries of Theorem 1.3(1) and (2) because
we have |Aω1− jm | = |(Um/ImUm)ω1− j |. We show (3). By the Iwasawa main conjecture, we have
(char(Xω
1− j
)) = ( fω j ) as ideals in Λ. Hence we have from Theorem 1.3(3), char((U∞/G∞)ω1− j ) =
char(lim←−m0 HomZp (X
(m0)
0, j ,Qp/Zp(1))) = char(Xω
j
)∗ . Since f ∗∗(T ) = f (T ) for f (T ) ∈ Λ, this completes
the proof. 
Example 3.1. We consider the case p = 5. In this case, |X (m)0,2 | = 1 for all m 0 because of Aω
2
0 = {0}.
On the other hand, we can compute |(Um/Gm)ω3 | = 1 for m = 0,1,2 as follows. Put U (n)m = {u ∈ Um |
u ≡ 1 (mod (1− ζpm+1 )n)} for any integer n 1. We have Uω3m = U (1) ω
3
m = U (2) ω
3
m = U (3) ω
3
m = U (4) ω
3
m
because (1 − (1 − ζpm+1)3)eω3 generates Uω3m [23, The proof of Lemma 13.36]. We can ﬁnd a prime
ideal λ of Fm over a prime number  such that (τ vλ )
e
ω3 ≡ 1 (mod (1− ζpm+1 )4). In the case m = 0, for
 = 11, (τ vλ )eω3 ≡ ζ 35 + 2ζ 25 + 3ζ5 ≡ 1 (mod (1− ζ5)4). In the case m = 1, for  = 101, (τ vλ )eω3 ≡ 3ζ 32 +5
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+ 4ζ52 + 3 ≡ 1 (mod (1− ζ52 )4). In the case m = 2, for  = 251, (τ vλ )eω3 ≡ 2ζ 353 + 4ζ 253 + ζ53 + 4 ≡
1 (mod (1− ζ53 )4).
4. Étale cohomology groups and K -groups
The K -groups and the e´tale cohomology groups of the ring of algebraic integers OL for a number
ﬁeld L are very important objects, and these are closely connected with some classical conjectures on
the number theory. In this section, we will study these groups. Some results in this section are well
known for experts on this subject, but we will give the proofs for some of them for the convenience
of readers.
Kurihara [12] studied the relations between some conjectures on cyclotomic ﬁelds, and the K -
groups and the étale cohomology groups of Z. He formulated a conjecture on the K -groups of Z, and
showed it would imply the Vandiver conjecture (as he mentioned in [12, Remark 3.11], if we assume
that the Quillen–Lichtenbaum conjecture holds, then the converse is also true). We will give an ana-
logue of his results for the p-primary components of the K -groups and the étale cohomology groups
of Z[μpm+1 ]. More precisely, we will formulate a certain conjecture on Kn(Z[μpm+1 ]) (Conjecture 4.6)
and study the relations between this conjecture and some conjectures on cyclotomic ﬁelds Q(μpm+1).
In particular, we will show (Theorem 4.9) that Conjecture 4.6 is equivalent to the Vandiver conjec-
ture (Conjecture 4.1) if we assume that some well-known conjectures hold. We recall the well-known
conjectures on the number theory.
Conjecture 4.1 (Vandiver). Let p be an odd prime number. The class number of the ﬁeld Q(ζp + ζ−1p ) is not
divided by p.
It is known that this conjecture holds for all prime numbers p < 12,000,000. Kurihara [12] and
Mitchell [16] conjectured independently the following statement.
Conjecture 4.2. (See Kurihara [12, Conjecture 3.2], Mitchell [16, 6.15].) For any integer n 0, we have
K4n(Z) ′ 0 (n 1),
K4n+1(Z) ′ Z (n 1),
K4n+2(Z) ′ Z/N2n+2Z,
K4n+3(Z) ′ Z/D2n+2Z
where for an even integer k, the positive integers Nk and Dk are given by ζ(1− k) = − Bkk = (−1)k/2 NkDk with
(Nk, Dk) = 1. The Bernoulli number Bk is the same notation as in [12] and [23], and′ means an isomorphism
up to 2-torsion groups.
Note that Mitchell [16] gives a conjecture including 2-torsion groups. We state several known facts
on the algebraic K -theory of number ﬁelds. The group Kn(OL) for a number ﬁeld L is a ﬁnitely
generated abelian group by Quillen’s theorem [18]. It is well known that K0(OL)  Z ⊕ ClL (ClL is
the ideal class group of L) and K1(OL)  O×L . Further, we know the Z-rank of Kn(OL) by Borel’s
theorem [2].
Theorem 4.3. (See Borel [2].) For any integer n 0, we have
rankZ Kn(OL) =
⎧⎨⎩
0 if n 2 and even,
r1 + r2 if n 5 and n ≡ 1 (mod 4),
r2 if n ≡ 3 (mod 4),
where r1 (resp. r2) is the number of the real (resp. complex) places of L.
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of Z. The structures of the K -groups of Z of lower degrees are known as follows. K0(Z)  Z,
K1(Z)  Z/2Z, K2(Z)  Z/2Z (Milnor [15]), K3(Z)  Z/48Z (Lee and Szczarba [13]), K4(Z) = 0
(Rognes [19]), K5(Z)  Z (Elbaz-Vincent, Gangl, and Soulé [5]). Generally speaking, it is diﬃcult to
know the order of the torsion of the K -group, but the following conjecture asserts that there ex-
ists a canonical isomorphism from the K -group to the étale cohomology group. Hence we can get
information on the structure of the K -groups from étale cohomology groups.
Conjecture 4.4 (Quillen–Lichtenbaum). For any integer i  2, the p-adic Chern characters
(1) K2i−1(OL) ⊗Z Zp → H1e´t
(
Spec
(OL[1/p]),Zp(i)),
(2) K2i−2(OL) ⊗Z Zp → H2e´t
(
Spec
(OL[1/p]),Zp(i))
are isomorphisms.
Note that this map is Gal(L/Q)-homomorphism when L/Q is a Galois extension. Soulé [21] (2
i  p) and Dwyer and Friedlander [4] (for any i  2) proved that these maps are surjective. Further,
Kurihara [12] (under some assumption) and Kahn [10] proved that the map (2) is split surjective.
Theorem 4.5. (See Kurihara [12, Propositions 3.7, 3.9 and Remark 3.11].) Assume that Conjecture 4.4 holds.
Then Conjecture 4.2 is equivalent to Conjecture 4.1.
Conjecture 4.6 (m, i). Let p be an odd prime number, m 0 and i  2 be integers. For all integers j, we have
(
K2i−2
(
Z[μpm+1 ]
)⊗Z Zp)ω j 
⎧⎨⎩
0 if i ≡ j (mod 2) or i ≡ j (mod p − 1),
(Λ/( fωi− j , g
(m)
1−i)eω j−i+1 )(i − 1)
if i ≡ j (mod 2) and i ≡ j (mod p − 1),
(
K2i−1
(
Z[μpm+1 ]
)⊗Z Zp)ω j 
{
HomZp (Λ/(g
(m)
i )eωi− j ,Zp(i)) if i ≡ j (mod 2),
μ⊗iDp,i, j if i ≡ j (mod 2),
where g(m)i and g
(m)
1−i ∈ Λ are polynomials deﬁned in Section 2. For integers i, j with i ≡ j (mod 2), we deﬁne
the power of p: Np,i, j and Dp,i, j by Np,i, j ∼p Np,i, j and Dp,i, j ∼p Dp,i, j where Np,i, j and Dp,i, j ∈ Zp are
given by
∏
ψ∈Γ̂m
Lp
(
1− i,ωi− jψ)∼p ∏
ψ∈Γ̂m
(Bi,ω− jψ/i) =
Np,i, j
Dp,i, j ∈ Qp
with vp(Np,i, j) = 0 or vp(Dp,i, j) = 0 (Np,i, j and Dp,i, j are determined up to p-adic units). ∼p means that
the both sides have the same p-adic valuation. Note that if i ≡ j (mod p − 1), then vp(Dp,i, j) = 0.
We will show that if we assume that Conjecture 4.4 and Conjecture 4.7 below hold, then Conjec-
ture 4.6 is equivalent to Conjecture 4.1. The following conjecture is well known in Iwasawa theory.
Conjecture 4.7 (m, i). Let m 0 and i be integers. For any even character χ of Δ and any character ψ of Γm,
Lp(1− i,χψ) is not zero.
Conjecture 4.7 (m, i) in the case i  1 follows from the fact
Lp(1− i,χψ) = −
(
1− χψω−i(p)pi−1) Bi,χψω−ii
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conjecture proved by Brumer [3]. Conjecture 4.7 (m, i) in the case i −1 is equivalent to the follow-
ing Conjecture 4.8 (m, i) which was stated by Schneider.
Conjecture 4.8 (m, i). (See Schneider [20], Kolster, Nguyen Quang Do, and Fleckinger [11, §1].) Let m 0 and
i = 1 be integers. H2
e´t
(Spec(Z[μpm+1 ,1/p]),Qp/Zp(i)) is zero (or equivalently, is ﬁnite).
Conjecture 4.8 (m, i) in the case i = 1 does not hold, and in the case i = 0 or i  2 holds (cf.
Remarks in [11, §1]).
Theorem 4.9. Let m 0 and i  2 be integers. Assume that Conjecture 4.4 and Conjecture 4.7 (m,1− i) hold.
Then Conjecture 4.6 (m, i) is equivalent to Conjecture 4.1.
Lemma 4.10. For integers m 0 and i, we have the following natural isomorphisms.
(1) H2
e´t
(Spec(Z[1/p]),Zp(i))  X(i − 1)Gal(F∞/Q) .
(2) H2
e´t
(Spec(Z[μpm+1 ,1/p]),Zp(i))  X(i − 1)Γ pm .
Proof. Put L = Q or Fm , and v (resp. v∞) be the prime of L (resp. F∞) dividing p. Consider the
following commutative diagram:
ϕ : H2
e´t
(Spec(OL[1/p]),Zp(i)) H2(Lv ,Zp(i))
ϕ∞ : H2e´t(Spec(OF∞[1/p]),Zp(i))
cor
H2(F∞,v∞ ,Zp(i)).
cor
Here, the horizontal maps ϕ and ϕ∞ are localization maps, and the vertical maps are corestriction
maps. By a result of Schneider ([20, §6], [11, 3.1 and Remark(4) after Corollary 4.4]), we know that
the kernel of ϕ is isomorphic to X(i−1)G∞ with G∞ = Gal(F∞/L). Hence if we show that ϕ is a zero
map, then we completes the proof. To show this, we will show the following two facts.
(i) The left vertical map is surjective.
(ii) ϕ∞ is a zero map.
First, we prove (i). Let Ω∞/L be the maximal pro-p-extension unramiﬁed outside p. The left ver-
tical map is the projective limit of corestriction maps:
H2e´t
(
Ω∞/F∞,Z/pmZ(i)
)→ H2e´t(Ω∞/L,Z/pmZ(i))
with respect to m. Since the p-cohomological dimension of Gal(Ω∞/L) is less than or equal to 2, we
know that these maps are surjective.
Next, we will prove (ii). By Hasse’s principle of the Brauer group, we know that the restriction
map:
H2e´t
(
Spec
(OF∞[1/p]),Zp(1))→ H2(F∞,v∞ ,Zp(1))
is a zero map. Hence the map ϕ∞ which is obtained by ⊗ZpZp(i) to the above map (because of
F∞ ⊃ μ∞) is also a zero map. 
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(1) H2
e´t
(Spec(Z[1/p]),Zp(i))  X (0)i,1−i(i − 1).
(2) H2
e´t
(Spec(Z[μpm+1 ,1/p]),Zp(i))ω j  X (m)i, j−i+1(i − 1) and hence
H2e´t
(
Spec
(
Z[μpm+1 ,1/p]
)
,Zp(i)
) p−2⊕
j=0
X (m)i, j (i − 1).
Proof. For any Zp[[Gal(F∞/Q)]]-module V and any character χ of Δ, we have(
V (i − 1))χ = (V ⊗Zp Zp(i − 1))χ = V χω1−i ⊗Zp Zp(i − 1) = V χω1−i (i − 1)
and
(
V (i − 1))
Γ p
m = (V ⊗Zp Zp(i − 1))Γ pm = V /(γ pm − κ1−i(γ pm ))V ⊗Zp Zp(i − 1)
= (V /(γ pm − κ1−i(γ pm ))V )(i − 1).
The isomorphism (1) follows from these arguments and Lemma 4.10(1). The ﬁrst isomorphism of (2)
can be shown by using Lemma 4.10(2),
H2e´t
(
Spec
(
Z[μpm+1 ,1/p]
)
,Zp(i)
)ω j  (X(i − 1)Γ pm )ω j  (X(i − 1)ω j )Γ pm
 (Xω j−i+1/(γ pm − κ1−i(γ pm ))Xω j−i+1)(i − 1)
 X (m)i, j−i+1(i − 1). 
The following corollary follows from Lemmas 2.7 and 4.11.
Corollary 4.12. Assume that Conjecture 4.4 holds. For integers i, i′  2 such that vp(i) and vp(i′) are enough
large and i ≡ i′ (mod p − 1), we have
K2i−2(Z) ⊗Z Zp  K2i′−2(Z) ⊗Z Zp
and
K2i−2
(
Z[μpm+1 ]
)⊗Z Zp  K2i′−2(Z[μpm+1 ])⊗Z Zp .
Next, we give the proofs of Theorems 4.5 and 4.9. The proof of Theorem 4.5 is essentially the same
as in [12]. The proof of Theorem 4.9 is also well known for experts, but the author could not ﬁnd out
the suitable reference. Hence we give the proof for the convenience of readers. Without the Vandiver
conjecture, we can get the following lemma.
Lemma 4.13.
(1) Let n 0 be an integer. Assume that Conjecture 4.4 holds. Then we have
K4n+1(Z) ′ Z (n 1), K4n+3(Z) ′ Z/D2n+2Z,
∣∣K4n+2(Z)∣∣=′ N2n+2
where ′ or =′ means that the both sides are isomorphic or equal up to 2-torsion groups.
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ture 4.7 (m,1− i) hold. Then for all integers j we have
(
K2i−1
(
Z[μpm+1 ]
)⊗Z Zp)ω j 
{
HomZp
(
Λ/(g(m)i )eωi− j ,Zp(i)
)
if i ≡ j (mod 2),
μ⊗iDp,i, j if i ≡ j (mod 2),∣∣(K2i−2(Z[μpm+1 ])⊗Z Zp)ω j ∣∣= Np,i, j if i ≡ j (mod 2).
Proof. If Conjecture 4.4 holds, then we have
K2i−1(OL) ⊗Z Zp  H1e´t
(
Spec
(OL[1/p]),Zp(i))
and
K2i−2(OL) ⊗Z Zp  H2e´t
(
Spec
(OL[1/p]),Zp(i)),
for a number ﬁeld L. The Zp-torsion part of H1e´t(Spec(OL[1/p]),Zp(i)) is given by
torZp H
1
e´t
(
Spec
(OL[1/p]),Zp(i)) H0e´t(Spec(OL[1/p]),Qp/Zp(i)) (Qp/Zp(i))Gal(L∞/L) (4.1)
where L∞ =⋃m0 L(μpm+1) (cf. [11, Lemma 2.2(1)]). For any Zp[[Gal(F∞/Q)]]-module V , the Zp-
torsion part torZp V is a Zp[[Gal(F∞/Q)]]-module. We denote the quotient V / torZp V by frZp V (this
is also a Zp[[Gal(F∞/Q)]]-module).
Proof of (1). By (4.1) for L = Q, we have
torZp H
1
e´t
(
Spec
(
Z[1/p]),Zp(i)) (Qp/Zp(i))Gal(F∞/Q)  {0 if i is odd,
Zp/DiZp if i is even.
Hence we get torZp (K4n+1(Z) ⊗Z Zp) = 0 and torZp (K4n+3(Z) ⊗Z Zp)  Zp/D2n+2Zp for all odd
prime numbers p. For the free part, we get the Z-rank by Borel’s theorem (Theorem 4.3). The sec-
ond statement |K4n+2(Z)| =′ N2n+2 is a consequence of theorems of Mazur–Wiles and Iwasawa (cf.
Theorem 2.6 and its proof). Actually we have
∣∣H2e´t(Spec(Z[1/p]),Zp(i))∣∣∼p { Bi/i if i ≡ 0 (mod p − 1),1 if i ≡ 0 (mod p − 1),
for any even i > 0.
Proof of (2). By (4.1) for L = Fm = Q(μpm+1) and taking ω j-component, we have
torZp H
1
e´t
(
Spec
(
Z[μpm+1 ,1/p]
)
,Zp(i)
)ω j  ((Qp/Zp(i))Gal(F∞/Fm))ω j

{
0 if i ≡ j (mod 2),
μ⊗iDp,i, j if i ≡ j (mod 2).
For the last isomorphism, we use the facts that an element ζ⊗ipν ∈ μ⊗ipν is invariant by the action of
Gal(F∞/Fm) if and only if pν |ipm+1, and Dp,i, j ∼p ∏ψ∈Γ̂m (1 − 1+pζψ (1+p)1−i ) =∏ψ∈Γ̂m (1 − ζψ(1 + p)i)
= 1 − (1 + p)ipm ∼p ipm+1 if i − j ≡ 0 (mod p − 1) (cf. [23, Theorem 7.10 and Lemma 7.12]). For the
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m
2 follows from Borel’s theorem. For
the structure of the free part as a Galois module, we have
frZp H
1
e´t
(
Spec
(
Z[μpm+1 ,1/p]
)
,Zp(i)
)ω j  HomGal(F∞/Fm)(X,Zp(i))ω j ([11, Lemma 2.2(2)])
 HomZp
(
X/g(m)i X,Zp(i)
)ω j
 HomZp
(
Xω
i− j
/g(m)i X
ωi− j ,Zp(i)
)

{0 if i ≡ j (mod 2),
HomZp (Λ/(g
(m)
i )eωi− j ,Zp(i)) if i ≡ j (mod 2),
where X is the Galois group of the maximal abelian pro-p-extension M∞/F∞ unramiﬁed outside p.
We explain the last isomorphism above. If i ≡ j (mod 2), then the module Xωi− j/g(m)i Xω
i− j
is ﬁnite,
hence we get HomZp (X
ωi− j/g(m)i X
ωi− j ,Zp(i)) = 0. We consider the case i ≡ j (mod 2). Let E(1)m denote
the closure of E(1)m in Um . Put U = lim←− Um and E = lim←− E(1)m . By class ﬁeld theory, we have the exact
sequence
0→ U/E → X → X → 0. (4.2)
By taking ωi− j-component and an isomorphism (U/E)ωi− j  Λeωi− j , (4.2) induces the exact sequence
0→ Λeωi− j → Xω
i− j → Xωi− j → 0. (4.3)
If we assume that Conjecture 4.7 (m,1 − i) holds, then the characteristic polynomial char(Xωi− j ) is
prime to g(m)i = γ p
m − κ i(γ pm )(= (1 + T )pm − (1 + p)ipm ) ∈ Λ( Zp[[T ]]), and hence the module
Xω
i− j
/g(m)i X
ωi− j is ﬁnite. Since Xω
i− j
has no non-trivial ﬁnite Λ-submodule, (4.3) induces the exact
sequence
0→ Λ/(g(m)i )eωi− j → Xωi− j/g(m)i Xωi− j → Xωi− j/g(m)i Xωi− j → 0. (4.4)
The exact sequence (4.4) implies rankZp X
ωi− j/g(m)i X
ωi− j = rankZp Λ/(g(m)i )eωi− j . If we show that
frZp (X
ωi− j/g(m)i X
ωi− j ) is generated by one element over Λ, then we can get an isomorphism
frZp (X
ωi− j/g(m)i X
ωi− j )  Λ/(g(m)i )eωi− j , and hence we get the isomorphism HomZp (Xω
i− j
/g(m)i X
ωi− j ,
Zp(i))  HomZp (Λ/(g(m)i )eωi− j ,Zp(i)). Now we will show that frZp (Xω
i− j
/g(m)i X
ωi− j ) is generated by
one element. Since (torΛ(Xω
i− j
) + g(m)i Xω
i− j
)/g(m)i X
ωi− j is a ﬁnite module, we get a surjection
Xω
i− j
/
(
torΛ
(
Xω
i− j )+ TXωi− j + g(m)i Xωi− j )
 X
ωi− j/g(m)i X
ωi− j
(torΛ(Xω
i− j
) + TXωi− j + g(m)i Xωi− j )/g(m)i Xωi− j

Xω
i− j
/g(m)i X
ωi− j
(torZp (X
ωi− j/g(m)i X
ωi− j )) + ((TXωi− j + g(m)i Xωi− j )/g(m)i Xωi− j )
 frZp
(
Xω
i− j
/g(m)i X
ωi− j )⊗Λ Λ/(T ).
From this surjection and frZp (X
ωi− j/(torΛ(Xω
i− j
) + TXωi− j ))  Zp , we know that
frZp (X
ωi− j/g(m)i X
ωi− j ) ⊗ΛΛ/(T ) is generated by one element over Zp . Hence by Nakayama’s Lemma,
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ωi− j/g(m)i X
ωi− j ) is generated by one element over Λ. This completes the proof of the ﬁrst
statement of (2).
The second statement |(K2i−2(Z[μpm+1 ])⊗Z Zp)ω j | = |X (m)i, j−i+1| = Np,i, j for i, j with i ≡ j (mod 2)
is a consequence of the theorems of Mazur and Wiles and Iwasawa (cf. Theorem 2.6 and its proof). 
Next we ﬁnish the proof of Theorems 4.5 and 4.9. Note that Conjecture 4.1 is equivalent to Xω
j = 0
for all odd prime numbers p and even integers j.
Proof of Theorem 4.5. Assume that Conjecture 4.4 holds. Then Conjecture 4.1 is equivalent to
K4n(Z) ′ 0 for all n  1 by Lemma 4.11. Further, if Conjecture 4.1 holds, then by the reﬂection the-
orem (cf. [23, §10.2]), we know that Xω
j
for any odd j are generated by an element over Λ. Hence
by Lemma 4.11, we conclude that K4n+2(Z) is cyclic up to 2-torsion groups. By putting these together
with Lemma 4.13(1), this completes the proof. 
Proof of Theorem 4.9. Conjecture 4.1 is equivalent to (K2i−2(Z[μpm+1 ]) ⊗Z Zp)ω j = 0 for all integers
j with i ≡ j (mod 2) by Lemma 4.11. Further, if Conjecture 4.1 holds, then Xω j for any odd j is
generated by an element over Λ. Hence for all integers j with i ≡ j (mod 2) and i ≡ j (mod p − 1),
we have a surjection:
Λ/
(
fωi− j , g
(m)
1−i
)
eω j−i+1  Xω
j−i+1
/g(m)1−i X
ω j−i+1 = X (m)i, j−i+1.
The both modules have the same order Np,i, j . Hence we have the isomorphism (K2i−2(Z[μpm+1 ]) ⊗Z
Zp)
ω j  X (m)i, j−i+1(i−1)  (Λ/( fωi− j , g(m)1−i)eω j−i+1 )(i−1). By putting these together with Lemma 4.13(2),
this completes the proof. 
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Appendix A
The exact sequence (1) of Theorem 1.3 gives a description of X (m0)i, j for even integers j. In this
section, we will give another exact sequence (Theorem A.1) which was given by Professor Nguyen
Quang Do. This exact sequence is independent of our exact sequence. But the complicated group G(m0)m,i
does not appear in his exact sequence. Hence it looks simpler than our exact sequence Theorem 1.3(1).
The author expresses her gratitude to him for letting me know the exact sequence and its proof.
Let Mm be the maximal abelian pro-p-extension of Fm unramiﬁed outside p. We denote the Galois
group Gal(Mm/Fm) by Xm and put X∞ = lim←− Xm . Let Y∞ = X∞/ torΛ(X∞) and Y˜∞ be the reﬂexive
full of Y∞ , namely
Y˜∞ =
⋂
p(Y∞)p,
where p runs over all prime ideals of Λ of height 1. The quotient module Y˜∞/Y∞ is a ﬁnite Λ-
module and Y˜∞  Λ⊕r2 as Λ-modules (r2 = (p − 1)/2 is the number of complex primes of F =
Q(μp)).
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we have the following exact sequence of Zp[Gal(Fm/Q)]-modules:
0→ torZp (Xm)ω
1− jκ im0 → Aω
1− jκ im0
m → (Gm/ImUm)ω
1− jκ im0
→ H1(Gal(Fm/Fm0 ), ((Y˜∞/Y∞)ω1− j )Γ pm (−i))(i) → 0.
Remark A.2. Note that Ym in the proof of Theorem 1.3(1) is isomorphic to Xm , and we have
torZp (Xm)
ω1− jκ im0  HomZp
(
X (m0)i, j ,Qp/Zp(1)
)
,
for an enough large m satisfying m+ vp(i) + 1 vp(|Xm0i, j |) (cf. the proof of Theorem 1.3(1)).
Proof. We can assume j ≡ 0 (mod p − 1), since all the modules in the exact sequence are trivial in
this case. We consider the following commutative diagram:
0 Aω
1− j
m
0 Uω1− jm
θω
1− j
m
Xω
1− j
m
θω
1− j
m
Aω
1− j
m
θω
1− j
m
0
0 Uω1− jm Xω
1− j
m A
ω1− j
m 0.
(Um/ImUm)ω1− j
By the isomorphism Uω1− jm  Λ/(ωm), we have torZp (Uω1− jm ) = 0. We obtain the injection
torZp (Xm)
ω1− j ↪→ Aω1− jm , and hence θω1− jm torZp (Xm)ω1− j = 0. Consequently, the kernel of the central
vertical map in the above diagram is torZp (Xm)
ω1− j and we obtain the exact sequence
0→ torZp (Xm)ω
1− j → Aω1− jm → (Um/ImUm)ω
1− j
.
Since the image of the right map in the above exact sequence is (Gm/ImUm)ω1− j , we get
0→ torZp (Xm)ω
1− j → Aω1− jm → (Gm/ImUm)ω
1− j → 0. (A.1)
Similarly, by the exact sequence at inﬁnite level:
0→ Uω1− j∞ → Xω
1− j
∞ → Xω
1− j
∞ → 0,
we get
0→ torΛ(X∞)ω1− j → Xω1− j∞ → Gω
1− j
∞ / fω jUω
1− j
∞ → 0, (A.2)
4176 M. Aoki / Journal of Algebra 320 (2008) 4156–4177where fω j ∈ Λ is the power series deﬁned in Section 1. Since Gω1− j∞ / fω jUω1− j∞ ↪→ Uω1− j∞ / fω jUω1− j∞ 
Λ/( fω j ), we have
(Gω1− j∞ / fω jUω1− j∞ )Γ pm ↪→ (Λ/( fω j ))Γ pm = 0.
Hence (A.2) yields the following exact sequence:
0→ (torΛ(X∞)ω1− j )Γ pm → (Xω1− j∞ )Γ pm → (Gω1− j∞ / fω jUω1− j∞ )Γ pm → 0. (A.3)
By (A.1) and (A.3), we get the following commutative diagram:
0 (torΛ(X∞)ω
1− j
)Γ pm (X
ω1− j∞ )Γ pm (Gω
1− j
∞ / fω jUω
1− j
∞ )Γ pm 0
0 torZp (Xm)
ω1− j Aω
1− j
m (Gm/ImUm)ω1− j 0.
We denote the kernel (resp. cokernel) of the right (resp. left) vertical map by Zm . We twist −i times
for this diagram, take Gm =Gal(Fm/Fm0 )-cohomology, and twist i times, then we get the following
diagram:
(Xω
1− j
∞ )
κ im0
Γ p
m (Gω1− j∞ / fω jUω
1− j
∞ )
κ im0
Γ p
m H
1(Gm, (torΛ(X∞)ω
1− j
)Γ pm (−i))(i)
A
ω1− jκ im0
m (Gm/ImUm)ω
1− jκ im0
1© H
1(Gm, (torZp (Xm)
ω1− j )(−i))(i)
2©
H1(Gm,Zm(−i))(i) H1(Gm,Zm(−i))(i).
Since torΛ(X∞)ω
1− j
and Xω
1− j
∞ have no ﬁnite nonzero submodule, the projective dimensions over Λ
are less than or equal to 1. Hence the projective dimensions of (torΛ(X∞)ω
1− j
)Γ pm and A
ω1− j
m over
Zp[Gal(Fm/F )] are also less than or equal to 1. This means that both the modules are cohomologically
trivial Zp[Gal(Fm/F )]-modules. We conclude that the map −→1© is surjective and the map ↓ 2© is an
isomorphism. Hence we get the following exact sequence:
0→ torZp (Xm)ω
1− jκ im0 → Aω
1− jκ im0
m → (Gm/ImUm)ω
1− jκ im0 → H1(Gm,Zm(−i))(i) → 0.
Finally we will show Zm  {(Y˜∞/Y∞)ω1− j }Γ p
m
. We consider the following diagram:
0 (torΛ(X∞)ω
1− j
)Γ pm X
ω1− j
m (Y
ω1− j∞ )Γ pm 0
0 (torΛ(X∞)ω
1− j
)Γ pm torZp (Xm)
ω1− j Zm 0.
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torZp
((
Yω
1− j
∞
)
Γ p
m /Zm
)= torZp (Xω1− jm / torZp (Xm)ω1− j )= 0.
Hence we get
torZp
((
Yω
1− j
∞
)
Γ p
m
)= torZp (Zm) = Zm. (A.4)
On the other hand, by the exact sequence 0→ Y∞ → Y˜∞ → Y˜∞/Y∞ → 0, we get
torZp
((
Yω
1− j
∞
)
Γ p
m
) torZp (((Y˜∞/Y∞)ω1− j )Γ pm )= ((Y˜∞/Y∞)ω1− j )Γ pm . (A.5)
By (A.4) and (A.5), we get the conclusion. 
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